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Abstract—  R e c e n t ly  d e v e lo p e d  m e ta - h e u r is t ic  a lg o r i t h m s  s u c h  as 
f i r e f ly  a lg o r it h m , b a t  a lg o r i t h m ,  p a r t ic le  s w a r m  o p t im iz a t io n  
a n d  h a rm o n y  s e a r c h  a r e  n o w  b e c o m in g  p o p u la r  f o r  p r o v id in g  
n e a r ly  a c c u ra te  s o lu t io n s  f o r  to u g h  o p t im iz a t io n  p r o b le m s .  T h is  
p a p e r  a d d re s se s  th e  p r o b le m  o f  f in d in g  a l l  ro o t s  o f  a  g iv e n  
u n iv a r ia t e  n o n lin e a r  e q u a t io n  w it h  r e a l a n d  c o m p le x  ro o t s  u s in g  
a  m o d if ie d  f i r e f l y  a lg o r i t h m  ( M O D  F A ) .  T h e  a p p r o p r ia t e  
m o d if ic a t io n s  a re  a p p lie d  to  th e  e x is t in g  f i r e f ly  a lg o r i t h m  ( F A )  
b y  in t r o d u c in g  a n  a r c h iv e .  B e t t e r  f i r e f l ie s  a r e  n o te d  a n d  s to re d  
in  th e  a r c h iv e  d u r in g  th e  it e r a t io n  p ro c e s s  a n d  th e n  th e ir  
p o s it io n s  a r e  r e p la c e d  b y  n e w  r a n d o m  o n e s . A  c o m p a r is o n  w a s  
c a r r ie d  o u t  w it h  th e  o r ig in a l  f i r e f ly  a lg o r i t h m  a n d  a ls o  w it h  th e  
g e n e t ic  a lg o r i t h m  ( G A )  w h ic h  h a s  a  s im i la r  b e h a v io u r  to  th e  
f i r e f ly  a lg o r i t h m .  C o m p u t e r  s im u la t io n s  s h o w  th a t  th e  p ro p o s e d  
f i r e f ly  a lg o r i t h m  p e r fo rm s  w e l l in  s o lv in g  n o n l in e a r  e q u a t io n s  
w it h  r e a l a n d  c o m p le x  ro o ts  w it h in  a  s p e c if ie d  re g io n .  T h e  
su g g e s te d  m e th o d  c a n  b e  f u r t h e r  e x te n d e d  to  s o lv e  a  g iv e n  
s y s te m  o f  n o n lin e a r  e q u a t io n s .

Keywords—  F i r e f ly  A lg o r i t h m ;  N o n l in e a r  E q u a t io n s ;  A r c h iv e ;  

R e a l R o o ts ;  C o m p le x  R o o ts .

I . I n t r o d u c t i o n

S o lu tion  o f  a  sing le  variab le  non lin ear equation  can  be 
defined  as find ing  x ,  w here f ( x )  =  0. P rob lem s requ iring  the 
so lu tions o f  such n on linear equations arise  frequen tly  in the 
fie lds o f  m athem atics , eng ineering , p hysics and  com puter 
sc ience. W h en  th ink ing  o f  a  sing le  non lin ear equation , 
so lv ing  f { x )  =  0  is not easy , though it can  be done in 
sim ple cases like find ing  roo ts o f  quadra tic  equations. I f  the 
function  is com plica ted , app rox im ations ca n  be  m ade using  
ite ra tive  p rocedures w h ich  are  a lso  know n as num erical 
m ethods. H aving  th e ir ow n d raw backs, none o f  these 
num erica l app roaches appear to  b e  able to so lve all types o f  
non lin ear equations, espec ia lly  w hen  it has m ore than  one 
so lu tion . W hen  the equation  h as com plex  so lu tions the 
situa tion  is even  w orse. M o st o f  the ex is tin g  num erical 
app roaches are  associa ted  w ith  d erivative  o f  the  function  and 
thus so lv ing  equations w ith  n on-d ifferen tiab le  n on linear 
functions like “W eierstrass function” is a  challenge w hen the 
roo ts are  needed  in a  specified  reg ion  [1]. O n  the  o th er hand , 
approaches like b isec tion  m ethod  do  no t requ ire  derivative 
in form ation  b u t canno t be  used  in f ind ing  approx im ations 
although  the  g iven function  is con tinuous on [a, b] b u t w hen 
not hav ing  o pposite  signs fo r / ( a )  an d  f ( b )  [2], T he 
N ew to n ’s m eth o d  needs derivative  in fo rm ation  b u t fa ils  in 
f ind ing  roo ts w hen  m ultip le  roo ts o r very  c lo se  roo ts ex is t in

an equation  [2]. T he o th er m ain  d isadvan tage  o f  these 
num erical app roaches is  th e ir  inab ility  to  find  m ore  than  one 
so lu tion  at a  tim e, in  a  specified  region. A s such, it is c lea r 
th a t f ind ing  b e tte r a lgo rithm s to  d e term ine  m ore than  one roo t 
o r all availab le  roo ts  o f  a  function , sim u ltaneously , w ithou t 
h av ing  to u se  its derivative  in form ation  has b ecom e the need  
o f  the hour.

T h e  rem arkab le  p erfo rm ance o f  na tu re  in sp ired  algo rithm s 
ov er o th er c lassical o p tim ization  techn iques encourages 
researchers to  app ly  them  fo r  various d ifficu lt op tim ization  
prob lem s. R ecen tly  d eveloped  algo rithm s like firefly  
algorithm , b a t a lgorithm , cu ckoo  search  and  artific ia l b ees’ 
co lony  hav e  p ro v ed  the ir success o v e r m an y  d ifficu lt 
p rob lem s [ 3 ,4 ,5 ,6 ,1 3 ] .

F ire fly  a lgorithm  (FA ) is one o f  the  n atu re-in sp ired  m eta­
heu ristic  a lgo rithm s d eveloped  b y  X in  S he Y ang, o rig ina lly  
d esigned  to  so lve  con tin u o u s o p tim ization  p ro b lem s [7]. It is 
capab le  o f  g iv ing  severa l possib le  app rox im ations fo r a  given 
p rob lem  ra th er than  g iv ing  one  g lobally  bes t so lu tion  as in 
B a t A lgorithm  o r P artic le  S w arm  O ptim ization  (PSO ) 
algorithm . S ince o u r p rob lem  o f  in terest is a lso  associa ted  
w ith  getting  m ore than  one  op tim al so lu tion  in  a  specified  
region, w e have  se lec ted  the  firefly  algorithm . O u r p rob lem  
o f  in terest can  be  d efined  a s  fo llow s.

L e t /  be  a  function  s . t . f : D - * R  w here  D c. C . N either 
the  d ifferen tiab ility  n o r th e  con tin u ity  o f  /  is required . T he 
p rob lem  is to  f in d  all x  E D s. t . f ( x )  =  0 .  Since the p rob lem  
is h and led  as an  o p tim ization  p rob lem , the p rob lem  becom es 
find ing  x  6  D s . t .  | / ( x ) |  =  0  . H ow ever it sh ou ld  be 
em phasized  here  that, since the function  f ( x ) m ay  have 
m ultip le  roots, the  o p tim ization  p r o b le m |/ ( x ) | =  0 , a lso  will 
hav e  m ultip le  op tim al so lu tions. T here fo re  o u r ob jec tive  
tu rns ou t to  b e  f ind ing  all such optim al so lu tions.

In th is research , m o d ifica tions to  the  o rig inal firefly  
a lgo rithm  are  in troduced  to  so lve  non lin ear equations w ith  
m ore than  o n e  real and /o r com plex  ro o t w ith in  a  specified  
region. T h e  m odifica tions hav e  b een  done b y  app ly ing  a  
sim ilar co ncep t to  the e litism  in G enetic  A lgorithm s (G A s). 
In  an  ite ra tion , the  b e tte r fireflies w h o  serve as so lu tions are 
se lec ted  an d  they  are  p u t in to  an  arch ive  w hile  rep lac ing  th e ir 
positions w ith  random  fireflies. T h e  ite ra tive  p rocess o f  the 
o rig ina l f ire fly  a lgo rithm  is a lso  ch an g ed  usin g  a  “flag .” 
S ingle  variab le  non linear equations th a t con ta in  real and /o r 
com plex  roo ts w ith in  a  specified  reg ion  w ere  tested  w ith  the 
algorithm  to  m ake conclusions.
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II. F i r e f l y  a l g o r i t h m

T h e  orig inal algorithm  p roposed  by  Y ang is insp ired  by 
the flashing b ehav iou r o f  fireflies. It relies on the fo llow ing 
three idealized  ru les [7].

a. F ire flies are unisex  so  the ir a ttraction  to each 
o ther is gender independent.

b. A ttractiveness is proportional to  their b rightness, 
and fo r any  tw o  fireflies, the less b righ te r one is 
a ttrac ted  by  (and  thus m oves tow ard) the b righ te r 
one; how ever, the b righ tness can  decrease as their 
d istance increases; I f  there  is no b rig h te r one than 
a  particu lar firefly , it m oves random ly.

c. T he brigh tness o f a  firefly  is de term ined  by the 
value o f  the ob jective function .

A lg o r i t h m  1 O r i g i n a l  F i r e f l y  A lg o r i t h m

B e g in ;

I n i t i a l i z e  a lg o r i th m  p a r a m e te r s :

M a xG en : th e  m a x im u m  n u m b e r  o f  g e n e r a t io n s  

y: th e  l i g h t  a b s o r p t io n  c o e f f i c i e n t  

r: th e  p a r t i c u la r  d i s ta n c e  b e tw e e n  tw o  f i r e f l i e s  

D: th e  d o m a in  sp a c e

D e f in e  th e  o b je c t iv e  f u n c t i o n  f ( X ) ,  w h e r e  
x  =  (* 1 (........x dy

G e n e r a te  th e  in i t i a l  p o p u la t io n  o f  f i r e f l i e s ,  X t 
( i =  1 . 2 ...........n )
D e te r m in e  th e  l i g h t  i n t e n s i t y  I, o f  
i ch f i r e f l y  X t v i a f ( X L)

w h i le  t  <  M a x G en  d o

f o r  i =  1  : n  ( a ll  n  f i r e f l i e s )  d o  

f o r j  =  1 : n  (a l l  n  f i r e f l i e s )  d o  

i f  Ij >  f  th e n

M o v e  f i r e f l y  i t o w a r d s  j  b y  

u s in g  e q  ( 1 ); 

e n d  i f

A t t r a c t i v e n e s s  v a r i e s  w i th  d i s ta n c e  r  

v ia  e ~ y r 2  u s in g  e q  ( 2 ); 

E v a lu a te  n e w  s o lu t io n s  a n d  u p d a te  

l ig h t  i n t e n s i t y ;

e n d  f o r  

e n d  f o r

R a n k  th e  f i r e f l i e s  a n d  f i n d  th e  c u r r e n t  b e s t ; 
e n d  w h i le

P o s t  p r o c e s s  r e s u l t s  a n d  v is u a l i z a t io n ;
E nd;

T he initial population  can  be defined  random ly  w ith  a  set o f 
feasib le  so lu tions fo r the  p roblem . T hen  each f ire fly ’s light 
intensity  is calcu lated  using  the p rob lem  specific objective 
function . T hen  each  firefly  in the  population  starts m oving 
tow ards b righ te r fireflies accord ing  to  the fo llow ing  equation.

x ( i )  =  x ( i )  +  P ( x ( j )  -  x ( 0 )  +  a ( r a n d  -  0 .5 ); -> (1 )  

w h e r e  /? =  /?„ e - y r 2  -» ( 2 ),

/?„ i s  th e  a t t r a c t i o n  a t  r  =  0 ;

T he second  term  o f  the E q n ( l )  is due to the attraction  
betw een  tw o  fireflies and  the th ird  term  is a random ization  
term  w here a  is the random ization  facto r d raw n from  the 
G aussian  o r  the uniform  d istribution .
Y ang has p roved  the orig inal a lg o rith m ’s p erfo rm ance is 
relatively  h igh  w hen com pared  w ith  G enetic  A lgorithm s and 
P artic le  Sw arm  O ptim ization  algorithm s [7]. P opu lar tw o 
d im ensional op tim ization  prob lem s w ere used  in h is original 
im plem entation  to  p rove the idea. B ecause o f  its success w e 
have focused  on using  the firefly  algorithm  to  solve single 
variable non linear equations hav ing  both  real and com plex 
roots w ith in  a  g iven region.

III. M o d i f i e d  F ir e f l y  A l g o r i t h m  

T he tw o  cornerstones o f  prob lem  solv ing  by search are 
exp loration  and  exp lo ita tion . N ature insp ired  algo rithm s 
prov ide un ique w ays to  im plem ent exp loration  and 
exp lo ita tion  over the search  space [8 ], F ire fly  algorithm  also  
has its ow n w ays o f  acqu iring  those; fo r exam ple  the 
m ovem ent o f a firefly  tow ards a b rig h te r firefly  
using E q n  ( 1 )  , has exploita tion , because it exp lo its the 
so lu tion  o f p rev ious iteration  to build  the new  solu tion  and 
also  it consists o f  a random ization  fac to r fo r the exp loration . 
A lso the light absorp tion  coeffic ien t p lays a g rea t ro le  in 
p rov id ing  exp loration , y, the light absorp tion  co effic ien t can 
vary from  1 to Infinity , if  the absorption  is high then  the 
attractiveness becom es low  and the search  becom es m ore 
random . It allow s the search to  go in a new  direction  ra ther 
than going tow ards the curren tly  ex isting  best so lu tion . This 
factor is very im portant w hen the p rob lem  has m ore than one 
op tim um  solu tion  to  seek.
W e have im plem ented  the orig inal firefly  a lgorithm  to  the 
prob lem  o f  so lv ing  nonlinear equations w ith several roots. It 
w as successfu l fo r the functions hav ing  up to  three roots but 
w hen m ore roots exist, param eter tuning and increase o f 
population  size together w ith  num ber o f  ite ra tions d id  not 
w ork. T hus w e experim ented  on m odify ing  the orig inal 
a lgorithm  and as a result the fo llow ing  m odified  algorithm  
has been developed.

A lg o r i t h m  2  \ M o d i f i e d  F i r e f l y  A lg o r i t h m

B e g in ;

I n i t i a l i z e  a lg o r i th m  p a r a m e te r s :

M a xG en : th e  m a x im u m  n u m b e r  o f  g e n e r a t io n s

y: th e  l i g h t  a b s o r p t io n  c o e f f i c i e n t

r: th e  p a r t i c u la r  d i s ta n c e  b e tw e e n  tw o  f i r e f l i e s

D e f in e  th e  o b je c t iv e  f u n c t i o n  f ( X ) ;

G e n e r a te  th e  in i t ia l  p o p u la t io n  o f  f i r e f l i e s ,

X t (t =  1 , 2 .......... n )

D e te r m in e  th e  l ig h t  i n t e n s i t y  Ij o f  i th f i r e f l y  X, 

v i a f i X f ,
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w h i le  t  <  M a x G e n d o  
f l a g  =  t r u e ;
w h i le  f l a g  =  t r u e  a n d  t im e  <  M a x G e n  d o  

f o r  i =  1 : n  (a l l  n  f i r e f l i e s )  d o
f o r j  =  1 : n  (a l l  n  f i r e f l i e s )  d o  

i f  Ij >  /j th e n

M o v e  f i r e f l y  i t o w a r d s  j  b y  u s in jg  eq  (1 );  
e n d  i f

A t t r a c t i v e n e s s  v a r i e s  w i th  d i s ta n c e  r  v ia  
o-rr2e ~ ' '  u s i n g  e q  ( 2 ) ;

E v a lu a te  n e w  s o lu t io n s  a n d  u p d a t e  l i g h t  i n te n s i t y ,  
e n d  f o r  

e n d  f o r

L ig h t abso rp tion  fac to r d e term ines how  m uch  ligh t is 
absorbed  b y  the  env ironm ent. W hen  y  =  0 , the 
attrac tiveness o f  a  f ire fly  is equal to  its in itial b righ tness. 
S ince w e need  a  lo t o f  random ness in  o u r search  to  fin d  m any  
d ifferen t o p tim um  values, w e have  kep t it a round  75.

G. M ovem en t o f  a  f ir e f ly

A  m o v em en t o f  a  firefly  to  a  b rig h te r f ire fly  is  de term ined  
by  the  E q n  ( 1 ) .

H. A rch ive  a n d  F lag

T h ese  are  th e  tw o  p ro p erties  in troduced  in th e  new  
m odifica tion . H ere  an  a rch ive  a n d  a  flag  are u sed  in  o rder to

F in d  th e  f i r e f l i e s  w i th  th e  e l i g i b i l i t y  c r i t e r ia
\ f ( X ) \  <  0 : 001-

P u t  th e m  in to  th e  a r c h iv e  a n d  r e p la c e  t h e  p o s i t io n s
w i th  r a n d o m  f i r e f l i e s - ,

i f  n o  f i r e f l i e s  m a tc h in g  w i th  e l i g i b i l i t y  c r i t e r ia  
f l a g  =  fa ls e - ,  

e n d  i f

im prove the p erfo rm ance in find ing  all real and /o r com plex  
roots. S o  the  new  firefly  a lgorithm  w orks as fo llow s.

A fter an  iteration , w e  seek  fo r  fireflies sa tis fy in g \ f ( x ) \  <  
0 .0 0 1 . S uch  fireflies are  tak en  in to  th e  arch ive  and  their 
positions are  rep laced  b y  ran d o m  fireflies. A  flag  w h ich  is 
true a t the beg inn ing  o f  each  ite ra tion  is used  to  check  poorly  
p erfo rm ed  iterations. In  su ch  ite ra tions w e  change the  firefly  
popula tion  w ith  a  new  ran d o m  fire fly  p opu la tion . A fter 
com pleting  the  run , fireflies in the  arch ive  are  consid ered  as 
the  app rox im ations fo r  the  roots o f  th e  non lin ear equation .

i f  f l a g  =  f a l s e
c o u n t  =  r a n d o m  in t e g e r  b e tw e e n  0  a n d  n;
C re a te  r a n d o m  f i r e f l i e s  u p  to  c o u n t  a n d  

r e p la c e  th e  p o p u la tio n ;
e n d  i f

e n d  w h i le  
e n d  w h i le
P o s t  p r o c e s s  r e s u l t s  a n d  v is u a l i z a t io n ;
E n d ;

T h e  p rob lem  o f  ro o t find ing  is v iew ed  as an  o p tim ization  
p rob lem . T h e  a im  is to  seek  fo r better fire flies  w hose
l / W I - 0 ,  (10“3 ).

A . R epresen ta tion  o f  a  f ir e f ly

A firefly  is  rep resen ted  as a com plex  num ber w ith in  a  
g iven region. F or exam ple  a  feasib le  f ire fly  can  be  d efined  as

{ (*  +  y i )  6  c | x  e  [ -2 ,2 ] ,  y  e  [ - 2 , 2 ] } 
-1 .2 3 4 + 0 .5 3 9 i is  one  such firefly .

B. D istance  be tw een  tw o  f ir e f l ie s  (r)

T o  calcu la te  the  d istance b etw een  tw o  fireflies, w e  used  
the  d istance  b etw een  the  tw o  com plex  num bers that rep resen t 
those tw o  fireflies.

C. O bjective  fu n c tio n

T h e  abso lu te  va lue  | / ( x ) |  o f  the  o rig ina l f u n c t io n / ( x )  is 
u sed  as the  ob jec tive  function .

D. L igh t in tensity  o f  a  f ir e f ly

L ight in tensity  h as a  re lation  w ith  the ob jec tive  function . 
A s in the  o rig inal im p lem en ta tion  o f  th e  fire f ly  algorithm , the 
valu e  o f  the  ob jec tive  function  is u sed  fo r  the  in tensity  o f  a 
firefly .

E. B righ tness ( fi)

T h e  b rig h tn ess o f  a  f ire fly  is ca lcu la ted  usin g  E q n  ( 2 ) .

F. L igh t absorp tion  (y )

I V .  P r e l i m i n a r y  N u m e r i c a l  E x a m p l e s

T o  illu stra te  th e  perfo rm an ce  o f  th e  p ro p o sed  m odifica tion  
w e have se lec ted  som e rep resen ta tive  num erica l exam ples 
from  various categories o f  non lin ear functions.

1. T h e  fo llow ing  one d im ensional trigonom etric  equation  
(adap ted  from  G oldberg  and  R ichardson , 1987 [9]) has 51 
real roots w ith in  the  g iven  in terval an d  the  m odified  
firefly  a lg o rith m  w as capab le  o f  fin d in g  all o f  them  (see 
T ab le  4 , F igu re  2 g raph  (a)). W e hav e  se lected  th is to 
p ro v e  the  ab ility  o f  o u r app ro ach  in  fin d in g  all the  real 
roots o f  a  non lin ear equation  w ith in  a  g iven  in terval.

y  =  s in 3 ( 5 7 rx )  w h e r e  x  6  [ - 5 ,5 ]

2. T h e  W eierstrass functions p o ssesses the p roperty  o f  being  
con tinuous ev eryw here  b u t d ifferen tiab le  now here  [ 1 0 ]. 
S ince m ost o f  the  num erical app roaches need  to  evaluate  
derivatives, it is  d ifficu lt to  em p lo y  a  num erica l approach  
to  fin d  roo ts o f  such  a  function . W e  u sed  o u r m eth o d  to 
fin d  roo ts o f  th e  fo llow ing  W eierstrass function  w ith in  the 
dom ain  [-20 , 20] w h ich  has 25 rea l roo ts (see T ab le  6 , 
F ig u re  2  g raph  (b)).

3

W ( x )  =  ^ ( l / 2 ‘)sin (2' x)
iZi

3. y  =  ta n  (x )  is a  p o p u la r  trigonom etric  function  w ith  
d iscon tinu ities . I t h as 25 real roo ts w ith in  [-40, 40]. In 
sp ite  o f  h av in g  d iscon tinu ities be tw een  the  g iven  in tervals, 
our approach  gav e  approx im ations fo r  all o f  them  (see 
T ab le  5, F igu re  2 g raph  (c)).

4. P o p u la r num erica l app roaches like the  N ew to n ’s m ethod  
an d  the  secan t m eth o d  converge  m ore slow ly  fo r  m u ltip le  
roots than  fo r  the  case  o f  a  sim ple ro o t [11], W e have 
so lved  the  fo llo w in g  non lin ear equation  w ith  m ultip le  
roo ts an d  found  tha t o u r approach  is successfu l (see 
F igu re  2  g raph  (e)).

24th - 26th August 20IS International Conference on Advances in  ICT for Em erging Regions ICTer2015



A M odified Firefly Algorithm to solve U nivariate Nonlinear Equations with Complex Roots 4

y  =  x 4 - 2 x 2  +  l ,  [ - 2 , 2 ]

5. T he fo llow ing  parabo lic  function  has 6  roots. S ince the 
derivative a t 0  is equal to  zero, the N ew to n ’s m ethod 
cannot be app lied  to  approx im ate the roots at zero. B ut 
the m odified  firefly  algorithm  is capab le o f  find ing  them  
all (see F igure  2 g raph (d)).

y  = s in  ( x )  +  1 , [—2 0 ,2 0 ]

6. T he suggested  m ethod  is capab le o f  find ing  com plex 
roots. C om puted  resu lts show n in T able 1, dem onstrate  
the ab ility  o f the m ethod  in finding com plex  roots.

Equation Region #of Roots
1 y  =  x 2  +  1 [-1.5,1.5] X [-1.5, 

1.5]
2  complex

2 y [-2,0] X [-2,0] 2 Complex,
=  x 3  +  2 x 2  +  3 x  
+  4

Real

3 y [-1, 3] X [-1,3] 4 Complex,
=  Xs  -  3 x 4  +  3 x 3  

-  2 x 2  -  5
Real

4 y [-1, 2] X [-1, 2] 6  Complex,
=  x 7  -  x 6  +  2 x s 
-  3 x 4  +  3 x 3  -  2 x 2  

- S

Real

5 y [-1,4] X [-1,4] 8  Complex,
= x 1 0  -  3 x 9  +  x 8  

-  7 x 7  +  x 6  -  x 4  

+  2 x 2  -  5

Real

6 y [-1,6] X [-1,6] 1 0  complex,
=  x 1 2  -  6 x n  +  x 1 0  

- 5
Real

7 y  =  x 1 3  -  2 x 1 2  +  1 [-1.2] X [-1, 2] 10 Complex, 
Real

T a b l e  1 : N o n l i n e a r  e q u a t io n s  w i t h  c o m p le x  r o o t s

R egion o f  the  function  is the area  w e seek fo r the roots. 
A ccording to  the  notation  w e adopted , [ -1 ,2 ]  X  [-1 ,2 ]  region 
describes the area  su rrounded  by  the [ - 1 , 2 ] real axis and the 
[ - 1 , 2 ] im aginary  axis.

> I m a g in a r y  a x is

■ 3

2

<■------- 1---------- ,---------- 1----------

•4 -3 •2 -1

1 1 5 

2 3 «

S

Fig. L [ - l

— ^

-  3

f

2] X [-1 ,2 ] Region

v. R e s u l t s  a n d  D i s c u s s io n s  

T he proposed  firefly  algorithm  (M O D  FA ), the original 
firefly  algorithm  (FA ) and  the genetic  algorithm s (G A ) are 
im plem ented  to test the perform ances o f  the system . Since 
our p rob lem  o f in terest has m any  op tim um s, techn iques like 
partic le  sw arm  op tim ization , ba t algorithm s w hich  seek  only  
one global op tim um  are not su itable fo r the situation . G enetic  
algorithm  has a  sim ilar behav iour to  the firefly  algorithm  and

also a w ell-know n op tim ization  a lgorithm  in the fie ld  [ 1 2 ]. 
W e have also  done the appropriate  m odifica tions to  the 
orig inal genetic  a lgorithm  (M O D  G A ) in o rd er to com pare 
the perfo rm ance o f  the m odified  firefly  algorithm . W h en  all 
roots are real, the population  size o f 2 0 0  an d  n um ber o f 
iterations p er run  o f  2 0 0  w ere used  to  m easu re  the 
perform ance. 100 such runs w ere carried  out. R esu lts are 
fo rm atted  as; average num ber o f  roots found, (m axim um  
num ber o f  roots found /  total roots)* 100%, so 19, (4 9 % ) 
m eans the average num ber o f  roots found in 1 0 0  runs is 19 
and the (m axim um  num ber o f roots found in a run /  total 
roots)*  100%  is 49% .

Function GA M odified FA M odified
GA FA

y  =  s in 3 (5 rrx ) 0 , 51, 19, 51,
(0 %) ( 1 0 0 %) (49% ) ( 1 0 0 %.)

y 1 , 25, 13, 25,
3

i=l

(4% ) ( 1 0 0 %.) (6 8 %) ( 1 0 0 %.)

y  =  ta n  (x ) 1 , 25, 2 1 , 25,
(4% ) ( 1 0 0 %.) (96% ) ( 1 0 0 %)

y  =  x 4  — 2 x 2  +  1 2 , 4, 4, 4,
(50% ) ( 1 0 0 %.) ( 1 0 0 %.) ( 1 0 0 %.)

y  =  s in (x )  +  1 1 . 6 , 6 , 6 ,
(17% ) ( 1 0 0 %.) ( 1 0 0 %) ( 1 0 0 %)

T a b i c  2 :  P e r f o r m a n c e  o f  t h e  a lg o r i t h m s  f o r  r e a l  r o o t s  

o v e r  1 0 0  r u n s

For the real roots situations, m odified  GA and m odified  FA 
perform ed  w ell. T he arch iv ing  p roperty  and  d iversify ing  the 
population  during  iterations is the reason for the good 
perform ance. W hen  the non linear equations have com plex 
roots, to  op tim ize the p erfo rm ance w e have to set the 
population  size to 600 and  the n um ber o f  ite ra tions p er run to 
600.

E q u a tio n G A M o d ified
G A

F A M o d ified
F A

T a b le  1: E q u a tio n  1 0 .
(0 %)

2 .
( 1 0 0 %)

2 ,
( 1 0 0 %.)

2 ,
( 1 0 0 %)

T a b le  1: E q u a tio n  2 1 ,
(33% )

1 .
(33% )

3,
( 1 0 0 %)

3,
( 1 0 0 %)

T a b le  1: E q u a tio n  3 1 .
(2 0 %)

1 .
(2 0 %)

5,
( 1 0 0 %)

5,
( 1 0 0 %.)

T a b le  1: E q u a tio n  4 1 ,
(14% )

1 ,
(14% )

7,
( 1 0 0 %)

7,
( 1 0 0 %.)

T a b le  1: E q u a tio n  5 1 .
( 1 0 %)

1 ,
( 1 0 %)

9.
(90% )

1 0 ,
( 1 0 0 %)

T a b le  1: E q u a tio n  6 1 .
(8 %)

3.
(25% )

1 1 ,
(92% )

1 2 ,
( 1 0 0 %.)

T a b le  1: E q u a tio n  1 1 .
(8 %)

2 .
(15% )

8 ,
(92% )

13,
( 1 0 0 %.)

T a b le  3 :  P e r f o r m a n c e  o f  t h e  a lg o r i t h m s  f o r  r e a l  a n d  

c o m p le x  r o o t s  o v e r  1 0 0  r u n s

A lthough the m odified  G A  p erfo rm ed  w ell in so lv ing  
non linear equations w ith  real roots situations, it w as u nab le  to 
find  com plex roots u n d er g iven param eter settings. 
E xperim ents done w ith  larger popula tion  sizes (1200, 1500) 
w ere able to  g ive com plex roots to  som e extent. T o  solve fo r
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com plex roots, m odified  G A  needs a  large chrom osom e 
population  u nder the g iven p a ram eter se tting  to  prov ide 
approx im ations. B ut u nder the sam e co nd itions, m od ified  FA 
w as able to provide all app rox im ations and  acco rd ing  to the 
resu lts obtained. E ven the orig inal f ire fly  a lgo rithm  is 
successfu l to som e extent.
T he fo llow ing  tables show  the app rox im ations g iven by  the 
m od ified  firefly  algorithm  fo r the g iven  prob lem s.

y  =  s i n J (57TV)
-5 .000 -4 .790 -4.610 -4 .410 -4 .190 -4 .000
-3 .800 -3 .600 -3.400 -3 .200 -3 .000 -2 .800
-2 .600 -2 .400 - 2 . 2 0 0 - 2 . 0 0 0 -1 .800 -1 .600
-1 .400 - 1 . 2 0 0 -1 .000 -0 .800 -0 .600 -0 .400
- 0 . 2 0 0 0.000 0 . 2 0 0 0 .400 0 .600 0 .800
1.000 1 . 2 0 0 0 1.400 1.600 1.800 2 . 0 0 0

2 . 2 0 0 2 .400 2 .600 2 .800 3.000 3 .200
3.400 3.600 3.799 4 .000 4 .199 4 .390
4 .600 4 .799 5 .000

T a b l e  4 :  5 1  r o o t s  g iv e n  b y  t h e  m o d i f i e d  f i r e f l y  a lg o r i t h m  

f o r y  =  s in 3(5 n x )

y  =  t a n { x )
0 . 0 0 0 3.091 6.307 9 .460 12.552
15.640 18.920 21 .950 25.105 28.320
31.410 34.560 37.710 -3.091 -6 .307
-9 .460 -12 .552 -15 .640 -18 .920 -21 .950
-25.105 -28 .320 -31 .410 -34 .560 -37 .710

T a b l e  5 :  2 5  r o o t s  g iv e n  b y  t h e  m o d i f i e d  f i r e f l y  a lg o r i t h m  

f o r y  =  ta n {x )

(a) y = sin3{5nx)

-4 -2 0 2 4

x

(b) y = sin{x) +  (l/2)sin(2x) +  (l/4)sln(4x) +  (l/8}sin(8x)

x

(c) V = tan{x)

mmSBSI
-18 .8500 -16 .2600 -15 .7100 -15 .1500 -12 .5700

2

-9 .9800 -9 .4300 -8 .8700 -6 .2800 -3 .7000 1.5 -

-3 .1400 -2 .5900 0 2 .5900 3.1400
3.7000 6.2800 8.8700 9 .4300 9 .9800

1
i

12.5700 15.1500 15.7100 16.2600 18.8500 0.5 l

(d) y = sin(x) +  1

T a b l e  6 :  2 5  r o o t s  g iv e n  b y  t h e  m o d i f i e d  f i r e f l y  a lg o r i t h m  

f o r  y  =  £ ? = i ( j j )  s in  ( 2 ‘  x)

(e) y = x4 - 2x2 + 1

: y  = x 1 3  — 2 x 1 2 + 1 3
2.5 L.....V'........... ' ..........' ............1........... ' ..........!............J\  7  1

i 1.99976 - 0 . 9 14 7 1 0 .44213+ 0 .4 4 2 1 3 - 2  
1 e \ /

0 .84473 i 0.844731
i. 3 

1»*- . _
. . . . \ .........J .... -

-0 .4 8 1 9 9 -0 .4 8 1 9 9 - 0 .83087+ 0.83087- -0 .0 3 3 5 6 0.5 . . . .
: \ y

+0.787561 0.787561 0 .5 1909t 0 .51909 i + 0 .9344 i
0

*0.5 .. . .
-0 .0 3 3 5 6 - -0 .7 9 9 9 7 -0 .79997- • 1

y c
h ........-......... .......  y = x ^ - 2 x‘ + i ------- -\
______i______i______i______i_____ i______i______i_____ I

0 .93447 i + 0 .4 4 7 8 7 i 0 .44787 i
*1.5

l -1.5 *1 -0.5 0 0.5 1 1.5 ;

T a b l e  7 : 1 3  r o o t s  g iv e n  b y  t h e  m o d i f i e d  f i r e f l y  a lg o r i t h m  

f o r y  =  * 13 -  1 2 x 12 +  1

T he fo llow ing  figu re  g raph ica lly  represen ts the  real roots 
found  by  the m od ified  firefly  algorithm .

Fig. 2: Graphical representation o f the roots found by the modified FA for 
the examples 1 ,2 , 3 ,4 ,5  in section IV

Since o u r a im  is to fin d  a lm ost all the  real/  com plex  roo ts in a 
g iven  region, w ith in  a  sing le  run, w e have  tested  the 
p erfo rm ance o f  the  a lgo rithm s over a  sing le  run. T he 
fo llow ing  graphs sum m arize  the resu lts o f  the  convergence  o f 
the algo rithm s fo r y  =  s i n 3( 5 n x )  and  y  =  x 13 — 2 x 1 2  +  1  

w ithin a  sing le  run (over 500  iterations).
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(a) y = sm3(5nx)
E q u a tio n G A M o d ified

G A
FA M o d ified

F A
T a b le  1: E q u a tio n  1 9.4 18 1 2 0 150
T a b le  1: E q u a tio n  2 23 28 266 240
T a b le  1: E q u a t io n  3 1 1 24 216 250
T a b le  1: E q u a tio n  4 1 2 24 118 284
T a b le  1: E q u a tio n  5 1 2 2 1 1 2 0 299
T a b le  1: E q u a tio n  6 1 1 19 170 190
T a b le  1: E q u a tio n  1 1 0 30 1 2 2 214

(b) y = x 15 - 2xu  + 1

Fig. 3: Convergence ability o f  M od FA, FA. M od GA and GA within a 
single ran for (a): f i x )  =  sin3(5  jtx) ,  (b): f i x )  =  x 13 -  1 2 x 1! +  1

W e have a lso  m easu red  the  average C P U  tim e used  b y  the 
four algorithm s solv ing  real and  com plex  functions. The 
fo llow ing  tables sum m arize the results.

F unction G A  M odified  FA  M odified  
G A  FA

T a b l e  9 :  C o m p u t a t io n a l  E f f i c i e n c y :  a v e r a g e  C P U  t im e  in  

( s e c o n d s )  f o r  s in g le  r u n ,  R e a l  a n d  C o m p l e x  r o o t s

It is c lea r that fo r som e situations m odified  G A  perforins 
faster than  M odified  FA. T hough  the T able 9 show s that G A , 
M O D  G A  &  FA  are m ore effic ien t than  M O D  FA , the 
graphs show  that M O D  FA  is capable o f  find ing  m ore roots 
(or all the roots) than all the o th er algorithm s. T hat is the 
very  reason fo r tak ing  m ore tim e.

V i.  C o n c l u s i o n s

In this pap er w e presen t a m odifica tion  to the ex isting  
firefly  algorithm  to  solve n on linear equations w ith  several 
real and com plex roots w ith in  a p redefined  in terval. T he 
m odifica tion  includes an arch ive to co llec t best fireflies 
during  iterations and rep lac ing  their positions w ith  random  
ones. A lso  a flag  w as used  to iden tify  p oor iterations and  to 
change the random ness o f  the ex isting  p opu la tion . T he 
sim ulation  resu lts fo r find ing  roo ts o f  several num erical 
exam ples includ ing  an app lication  o f  W eierstrass function  
and com plex p o lynom ials suggest tha t this new  firefly  
algorithm  w ith the arch iv ing  p roperty  is capab le o f  find ing  
alm ost all real and com plex roots o f a non linear equation  
sim ultaneously  w ith  the given accu racy  o f  10~ 3 . It w orks fo r 
the m ultiple roots situations too. C om parison  w ith  o ther 
sim ilar nature inspired algorithm s includ ing  the orig inal 
firefly  algorithm  clearly  show s that th is m odified  firefly  
algorithm  ou tperform s all o f  them . T his ev idence  suggests 
that the p roposed  firefly  algorithm  is by  far the best 

-p e rfo rm e r  in so lv ing  n on linear equations w ith  several real 
and com plex  roots.

W ith  the resu lts ob tained, w e can  conclude  that the
y  =  s in 3 ( 5 7 rx ) 2 . 1 7 4.1 18.8 proposed  firefly  a lgorithm  is capable o f  g iv ing  reasonab ly  

good approx im ations fo r the non linear equations:
y 2 . 6 7.8 4.2 4.7 a. w ith  several roots.

-  i t ? ) ” ” ' 2' " )
b.
c.

w ith  m ultip le  roots.
w h ich  are con tinuous bu t not d ifferen tiab le .

i=i d. w h ich  have  d iscon tinu ities w ithin the in terval.
e. w h ich  are hav ing  a pa ttern  w ithin the g iven  range.

y  =  ta n  (x ) 2 . 1 5.4 3.4 4.6 f. w h ich  have  roots ov er a large interval.
y  =  x*  -  2 x 2  +  1 2.3 11.4 4.3 14.1 g- hav ing  com plex  roots as w ell as real roots in a

y  =  s in ( x )  +  1 2 . 1 6 . 6 4.0 8.3 given interval.

T a b l e  8 :  C o m p u t a t io n a l  E f f i c i e n c y :  a v e r a g e  C P U  t im e  i n  

( s e c o n d s )  f o r  s in g le  r u n ,  R e a l  r o o t s

A ccuracy  o f  the roots found by  the m odified  FA  is w ithin 
1 0 - 3  to lerance. F or h ig h er accuracies one can  treat these 
so lu tions as initial guesses and  try  ou t a su itab le  num erical 
approach. T h e  accuracy  o f  the  so lu tions are lim ited  to  1 0 - 3  

because  our ob jective here is to  find alm ost all the so lu tions 
w ithin the g iven region. T h e  approx im ations p rov ided  here 
h ighly  depend  on the population  size, num ber o f  iterations 
and also  on the a lgorithm  specific  p aram eter values. It is 
essential to  define  the num ber o f  iterations and the population  
size p roperly  accord ing  to  the num ber o f  roots w ith in  the 
specified  interval.
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D ifferen tiab ility  and  con tinu ity  o f  the  non lin ear functions 
are  inessential w hen app ly ing  nature  in sp ired  algo rithm s to 
obtain  roots; thus they  cou ld  be  app lied  to  the functions 
arising  from  various prac tica l situations w here  it is 
im possib le  to  app ly  fo rm al num erica l schem es. T h is can  be 
considered  as the b iggest advan tages o f  u sin g  nature insp ired  
algorithm s.

T he basic firefly  a lgorithm  in troduced  by  Y an g  is pow erfu l, 
bu t the  p rob lem  o f  find ing  all real an d  com plex  roo ts o f  a 
g iven  nonlinear equation  sim u ltaneously  h as n o t been 
addressed  before. T hus o u r approach  o f  in troducing  an 
arch ive is undoubted ly  advan tageous. B u t still th is  approach  
needs h igher num ber o f  ite ra tions and  a  large firefly  
population  w hen w e need  h ig h er accu racies in 
approxim ations. T o  im prove the  p ro p o sed  a lgo rithm  w e can 
do  a  strong p aram eter analysis and  fine  tun ing  w ith  an 
intention o f  reducing  the population  size. A s an  advancem ent 
to the suggested  m ethod, one can check  its ab ility  o f  so lv ing  
a  given system  o f n on linear equations.
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